Abstract. We prove that in many realistic cases, the ordinary sample mean after a group sequential trial is asymptotically normal if the maximal number of observations increases. We derive that it is often safe to use naive confidence intervals for the mean of the collected observations, based on the ordinary sample mean. Our theoretical findings are confirmed by a simulation study.
Introduction
Throughout this paper, we will tacitly assume that all random variables are defined on the same probability space. Furthermore, we will keep fixed -parameters µ ∈ R and σ ∈ R + 0 , -a sequence X 1 , X 2 , . . . of i.i.d. random variables with normal law N (µ, σ 2 ), -a natural number L ∈ N 0 , -natural numbers 0 < k 1 < k 2 < . . . < k L+1 , -a Borel measurable map ψ : R → [0, 1], -a parameter γ ∈ R + . Also, for each n ∈ N 0 , we will keep fixed a random sample size N n such that -N n can take the values k 1 n, . . . , k L+1 n, -for each i ∈ {1, . . . , L}, the event {N n = k i n} does not depend on X k i n+1 , X k i n+2 , . . ., -for each i ∈ {1, . . . , L}, the stopping rule
holds, where, for m ∈ N 0 , K m = m k=1 X k , and the empty product is 1. For each n ∈ N 0 , the above mathematical model represents a group sequential trial in which the observations X 1 , X 2 , . . . are collected, and which has random length N n . After having collected the observations X 1 , . . . , X k 1 n , an interim analysis of the sum K k 1 n = k 1 n k=1 X k is performed, and, based on the stopping rule (1) with i = 1, one decides whether the trial is stopped, i.e. has length k 1 n, or continued, i.e. the additional observations X k 1 n+1 , . . . , X k 2 n are collected, and a Key words and phrases. asymptotic normality, confidence interval, group sequential trial, sample mean. Ben Berckmoes is post doctoral fellow at the Fund for Scientific Research of Flanders (FWO). Financial support from the IAP research network #P7/06 of the Belgian Government (Belgian Science Policy) is gratefully acknowledged.
new interim analysis of the sum K k 2 n = k 2 n k=1 X k is performed, based on the stopping rule (1) with i = 2. This process continues either until the trial is stopped at a point where an interim analysis is performed, or until the maximal length k L+1 n is reached. Thus the actual length N n can take the values k 1 n, k 2 n, . . . , k L+1 n.
We wish to point out that the above mathematical model contains a very popular setting in sequential analysis. Indeed, if we let -for each i ∈ {1, . . . , L + 1}, k i = i, -ψ be the map
where C ∈ R + 0 is a fixed constant, then N n becomes a random sample size such that -N n can take the values n, 2n, . . . , (L + 1)n, -for each i ∈ {1, . . . , L}, the event {N n = in} does not depend on X in+1 , X in+2 , . . .,
-for each i ∈ {1, . . . , L}, the stopping rule (1) is transformed into So this situation corresponds to a group sequential trial in which independent observations with law N (µ, σ 2 ) are collected, and in which an interim analysis of the sum of the observations is performed after every n observations. The stopping rule (3) indicates that the trial is stopped either at the first in for which |K in | exceeds C(in) γ , or at (L + 1)n. This example has been studied extensively in the literature, see e.g. [S78] , [C89] , and [W92] . The number γ is called the shape parameter. The choice γ = 1/2 is known as the Pocock paradigm, introduced in [P77] , and the choice γ = 0 as the O'Brien-Fleming paradigm, introduced in [OF79] .
We now return to the general setting, determined by the first two paragraphs of this section.
We are interested in the asymptotic behavior of the sample mean µ Nn = K Nn /N n , used as an estimator for µ, as n → ∞. Notice that, L and the k i being kept fixed, we are in fact looking at the asymptotics of a group sequential trial in which the maximal sample size k L+1 n increases, but in which the number L of interim analyses is fixed, and in which, for each i ∈ {1, . . . , L}, the ratio of the number of observations collected at the ith interim analysis, i.e. k i n, to the maximal number of observations, i.e. k L+1 n, is a fixed number, i.e. k i /k L+1 .
Very recently, building upon [MKA14] , the bias and the mean squared error (MSE) of the sample mean µ Nn were studied in [BIM18] . From the general results obtained in that paper, it can be easily derived that µ Nn is asymptotically unbiased in the sense that
and has a vanishing MSE in the sense that E ( µ Nn − µ) 2 → 0 as n → ∞ with rate 1/n.
Moreover, the rates 1/ √ n and 1/n were shown to be optimal.
Concerning asymptotic normality of µ Nn , first steps were taken in [BIM18] , but the authors were not able to prove a powerful result. In this paper, building upon [BIM18] , we will prove an asymptotic normality result for µ Nn in the general setting.
The paper is structured as follows. In section 2, we formulate some preliminary results from [BIM18] . In section 3, a fundamental equation will be derived from the theory developed in [BIM18] . In section 4, we provide the main result of this paper, which states that the quantity √ Nn σ ( µ Nn − µ) converges to N (0, 1) for the total variation distance as n → ∞ in each of the following cases:
(A) γ > 1 and ψ has a finite limit in 0, (B) γ = 1 and ψ has a finite limit in µ, (C) (1) 1/2 < γ < 1, µ = 0, and ψ has finite limits in −∞ and ∞, (2) 1/2 < γ < 1, µ = 0, and ψ has a finite limit in 0, (D) γ = 1/2, µ = 0, and ψ has finite limits in −∞ and ∞, (E) (1) 0 ≤ γ < 1/2, µ = 0, and ψ has finite limits in −∞ and ∞, (2) 0 ≤ γ < 1/2, µ = 0, and ψ has coinciding finite limits in −∞ and ∞.
Notice that the conditions imposed on ψ are mild, and are always satisfied if ψ takes the form (38) and µ / ∈ {−C, C}. The proof of the main result is based on the fundamental equation formulated in section 3. We also state a conclusion for the validity of confidence intervals for the parameter µ based on µ Nn . In section 5, some examples are given, which show that the conditions under which the main result holds, cannot be omitted. A simulation study is conducted in section 6. Some concluding remarks are formulated in section 7.
Preliminaries
Let φ be the standard normal density. For a finite tuple B = (b 1 , . . . , b i ) of bounded Borel measurable maps of R into R, the normal transform was defined in [BIM18] (section 2, first paragraph) as the map
The following recursive description of the normal transform was obtained in [BIM18] (section 2, Theorem 3). Theorem 1. Let ξ be a random variable with law N (0, 1). For a bounded Borel measurable map
Furthermore, for a natural number i ≥ 2, a tuple (b 1 , . . . , b i ) of bounded Borel measurable maps of
where
For all n ∈ N 0 and i ∈ {1, . . . , L}, put
and
Also, for all n ∈ N 0 and i ∈ {1, . . . , L}, let ψ m n,i be the Borel measurable map defined by
Then, by the second paragraph of section 1, N n is a random sample size such that -N n can take the values m n,1 , . . . , m n,L , M n , -for each i ∈ {1, . . . , L}, the event {N n = m n,i } does not depend on X m n,i +1 , X m n,i +2 , . . .,
-for each i ∈ {1, . . . , L}, the stopping rule
holds.
This brings us exactly in the setting of [BIM18] (section 1, first paragraph). Now, as in [BIM18] (section 3, first paragraph), put
and, for i ∈ {2, . . . , L},
The following result was obtained in [BIM18] (section 7, Lemma 17).
Theorem 2. Let ξ and η be independent random variables with law N (0, 1). Then, for each n ∈ N 0 and each bounded Borel measurable test function h :
with
In the next section of this paper, we will combine the recursive description of the normal transform in Theorem 1 with equation (14) in Theorem 2, to obtain a fundamental equation.
A fundamental equation
We will state a fundamental equation in Theorem 5. We first need two lemmas.
Lemma 3. For each i ∈ {2, . . . , L}, the following assertion holds. For each collection of real numbers 0 < x 1 < x 2 < . . . < x i , there exist fixed continuous random variables ρ i,1 , ρ i,2 , . . . , ρ i,i−1 , only depending on σ and the x j , such that, for each n ∈ N 0 , each collection b 1 , . . . , b i−1 of bounded Borel measurable maps of R into R, and each x ∈ R,
Proof. Assume that L ≥ 2. The proof is by induction on i ∈ {2, . . . , L}, using Theorem 1.
Take i = 2, strictly positive real numbers x 1 , x 2 , n ∈ N 0 , a bounded Borel measurable map b of R into R, and x ∈ R. Fix a standard normally distributed random variable ξ. Then, by (4),
Thus, putting
shows that the desired assertion holds for i = 2. Now assume that L > 2 and that the desired assertion holds for some i ∈ {2, . . . , L − 1}. We will prove that it also holds for i + 1. Take strictly positive real numbers x 1 , x 2 , . . . , x i+1 , n ∈ N 0 , bounded Borel measurable maps b 1 , . . . , b i of R into R, and x ∈ R. By (5) and (6),
where, for any standard normally distributed random variable ξ,
By the induction hypothesis applied to x 1 , . . . , x i−1 , x i + x i+1 , there exist fixed continuous random variables ρ i,1 , . . . , ρ i,i−1 , only depending on σ and the x j , such that
But then, fixing a standard normally distributed random variable ξ, stochastically independent of ρ i,1 , . . . , ρ i,i−1 , and combining (16), (17) and (18), gives
Thus, considering the collection of continuous random variables ρ i+1,1 , . . . , ρ i+1,i , defined by
shows that the desired assertion holds for i + 1.
This finishes the proof.
Lemma 4. Fix everything as in the first two paragraphs of section 1. Then, for each i ∈ {2, . . . , L}, there exist fixed continuous random variables σ i,1 , σ i,2 , . . . , σ i,i−1 , only depending on γ, σ and the k j , such that, for all n ∈ N 0 and x ∈ R,
Proof. Applying Lemma 3 to the strictly positive numbers
, reveals the existence of fixed continuous random variables ρ i,1 , . . . , ρ i,i−1 , only depending on σ and the k j , such that, by (15), keeping the notations (7), (10), (12) and (13) in mind,
which, by (9),
, proves the desired result.
Theorem 5. Fix everything as in the first two paragraphs of section 1. Then there exist fixed continuous random variables α 1 , . . . , α L and γ 1 , . . . , γ L , only depending on γ, σ and the k j , and, for all i ∈ {2, . . . , L} and j ∈ {1, . . . , i − 1}, fixed continuous random variables β i,j and δ i,j , only depending on γ, σ and the k j , and a standard normally distributed random variable ξ, such that, for each n ∈ N 0 and each bounded Borel measurable test function h : R → R,
the empty product being 1.
Proof. By Lemma 4, for each i ∈ {2, . . . , L}, there exists a fixed collection σ i,1 , σ i,2 , . . . , σ i,i−1 of continuous random variables, only depending on γ, σ and the k j , such that, for all n ∈ N 0 and
Then fix stochastically independent standard normally distributed random variables ξ and η, each stochastically independent of all the σ i,j . By Theorem 2,
Combining (11), (19), (21), (7) and (9), reveals that, for each i ∈ {1, . . . , L},
can be written as the expected value of the product with factors
the empty product being 1. Analogously, combining (11), (19), (22), (7), (8) and (9), shows that,
the empty product being 1. Now, for i ∈ {1, . . . , L}, put in (23)
for i ∈ {2, . . . , L} and j ∈ {1, . . . , i − 1}, put in (24)
and, for i ∈ {2, . . . , L} and j ∈ {1, . . . , i − 1}, put in (26)
This allows us to conclude from (20) that the desired equation holds.
In the next section, we will derive an asymptotic normality result for µ Nn from Theorem 5.
The main result
Recall that the total variation distance between random variables X and Y is given by
the supremum running over all Borel sets A ⊂ R. It is well known that convergence for the total variation distance is strictly stronger than weak convergence. For more information on this distance, we refer the reader to [R91] and [Z83] .
We are now in a position to state and prove the main result of this paper.
Theorem 6. Fix everything as in the first two paragraphs of section 1. Furthermore, consider a standard normally distributed random variable ξ and the sample mean µ Nn = K Nn /N n . Then
in each of the following cases:
In particular, letting Φ be the standard normal cdf, it holds for each x ∈ R + 0 that
in each of the cases (A)-(E), i.e. confidence intervals for µ based on µ Nn are often reliable if n is large enough.
Remark 7. Our stopping rule (1) is designed in such a way that it analyzes the sum of the observations based on the null hypothesis µ = 0. This becomes clear if we take ψ of the form (38).
Indeed, in this case, the trial is stopped (to reject the null hypothesis µ = 0) at the first k i n for which |K k i n | ≥ C(k i n) γ . Therefore, the distinction between µ = 0 and µ = 0 in Theorem 6 is natural. Of course, it is possible to effortlessly switch to the null hypothesis µ = µ 0 for a different parameter µ 0 ∈ R 0 , by considering the data X 1 − µ 0 , X 2 − µ 0 , . . .
Remark 8.
In the case where γ = 1/2 and µ = 0, we have not stated an asymptotic normality result. In the next section, we will show that such a result fails to hold (Example 10). This is not a severe drawback, because the case γ = 1/2 corresponds to the Pocock boundary, which is very rarely used in practice, often in favor of the more popular O'Brien-Fleming boundary, because it tends to assign too much type I error at early looks. In other words, it too generously allows for very early stopping ([W87] ).
Proof of Theorem 6. By Theorem 5, fix continuous random variables α 1 , . . . , α L and γ 1 , . . . , γ L , only depending on γ, σ and the k j , and, for all i ∈ {2, . . . , L} and j ∈ {1, . . . , i − 1}, continuous random variables β i,j and δ i,j , only depending on γ, σ and the k j , and a standard normally distributed random variable ξ 0 , such that, for each n ∈ N 0 and each Borel measurable set A ⊂ R,
the empty product being 1. Since ξ and ξ 0 have the same distribution, we infer from (29) that the upper bound
holds for each n ∈ N 0 . The fact that limit relation (27) holds in each of the cases (A)-(E), can be easily read off from the upper bound (32) and the expressions (30) and (31).
Suppose, for instance, that we are in the case (E) (2), i.e. 0 ≤ γ < 1/2, µ = 0, and ψ has coinciding finite limits in −∞ and ∞, say with value λ. The α i , β i,j , γ i and δ i,j being continuous, they all differ from zero outside a fixed event with probability zero. Thus, almost surely, each of the expressions
−γ and δ i,j n 1 2 −γ tends to either −∞ or ∞ as n → ∞, whence, by (30) and (31), almost surely, R i (n) and R i (n) both tend to λ(1 − λ) i−1 as n → ∞. We conclude from the dominated convergence theorem that the upper bound in (32) tends to 0.
The other cases are analyzed analogously.
Finally, for each x ∈ R + 0 , considering the Borel set A = [−x, x], allows us to derive (28) from (27), which finishes the proof.
Corollary 9. Fix everything as in the first two paragraphs of section 1, and assume in addition that ψ takes the form (38) and µ / ∈ {−C, C}. Then always
except in the case where γ = 1/2 and µ = 0. In particular, letting Φ be the standard normal cdf, it always holds that, for each x ∈ R + 0 ,
except in the case where γ = 1/2 and µ = 0.
Proof. This is an easy application of Theorem 6.
Corollary 9 shows that in the important situation of a group sequential trial with outcomes with law N (µ, σ 2 ), which is stopped either at the first k i n for which
naive confidence intervals for µ, based on the ordinary sample mean µ Nn , are reliable for large n if µ / ∈ {−C, C} and (γ, µ) = (1/2, 0). We will illustrate this with simulations in section 6.
In the next section, we will provide some examples, which show that the conditions under which Theorem 6 holds, cannot be omitted.
Some examples
In this section, we take µ = 0, σ = 1, L = 1, k 1 = 1 and k 2 = 2. Furthermore, we fix independent random variables ξ and η with law N (0, 1). Then it follows from Theorem 2, and (7), (8) and (9), that, for each n ∈ N 0 and each bounded Borel measurable test function h : R → R,
= E h(ξ) ψ ξn
Recall that the Kolmogorov distance between random variables X and Y is given by
It is well known that, for a continuous random variable X and a sequence of random variables (Y n ) n , K(X, Y n ) → 0 if and only if (Y n ) n converges weakly to X. For more information on this distance, we refer the reader to [R91] and [Z83] .
We will now derive two interesting examples from equation (33).
Example 10. Take γ = 1/2 and, for C ∈ R + 0 , ψ of the form (38). Thus, for n ∈ N 0 , this example corresponds to a trial with independent standard normally distributed outcomes, of maximal length 2n, and in which one interim analysis is performed after having collected n data. The trial is stopped if the absolute value of the sum of the first n data exceeds Cn 1/2 , and continued otherwise.
Let, for x ∈ R, 1 ]−∞,x] be the characteristic function of the set ]−∞, x]. Then, Φ being the standard normal cdf, a straightforward calculation allows us to derive from (33) that, for each x ∈ R and each n ∈ N 0 ,
∧ standing for the operation that takes the minimum of two numbers. In particular, taking x = −C in (34), it holds for each n ∈ N 0 that
which, considering the event 0 ≤ η ≤ √ 2C ,
from which we conclude that
That is, for each n ∈ N 0 , the Kolmogorov distance between ξ and √ N n ( µ Nn − µ) takes a strictly positive constant value. We infer that √ N n ( µ Nn − µ) n fails to converge weakly to ξ. In particular, case (D) of Theorem 6 is not extendable to γ = 1/2 and µ = 0, even if ψ has a finite limit in 0 and coinciding finite limits in −∞ and ∞.
Example 11. Take γ ∈ R + 0 arbitrary and ψ = 1 ]−∞,0] , the characteristic function of the set ]−∞, 0]. Thus, for n ∈ N 0 , this example corresponds to a trial with independent standard normally distributed outcomes, of maximal length 2n, and in which one interim analysis is performed after having collected n data. The trial is stopped if the sum of the first n data is negative, and continued otherwise. Let, for x ∈ R, 1 ]−∞,x] be the characteristic function of the set ]−∞, x]. Then, Φ being the standard normal cdf, a straightforward calculation allows us to derive from (33) that, for each x ∈ R and each n ∈ N 0 ,
∧ standing for the operation that takes the minimum of two numbers. We deduce that, for each
We infer that √ N n ( µ Nn − µ) n fails to converge weakly to ξ. This shows that in the cases (A), (B), (C) (2) and (E) (2) of Theorem 6, the conditions on ψ cannot be omitted.
Simulations
In order to illustrate Theorem 6 and Corollary 9, we have conducted the following simulation study.
For µ ∈ {−1, 0, 1}, n ∈ {10, 50, 100, 500}, C ∈ {0, 1, 2}, and γ ∈ {0, 0.25, 0.5, 0.75, 1, 2}, we have simulated a group sequential trial with the following properties.
(1) Independent observations with distribution N (µ, 1) are collected.
(2) Interim analyses of the sum of the data are performed at n and 2n.
(3) (a) For the one-sided stopping rule, the trial is stopped either at the first in, where
or at 3n.
(b) For the two-sided stopping rule, the trial is stopped either at the first in, where i ∈ {1, 2}, for which
Notice that the final sample size N n of the above trial can take the values n, 2n, and 3n. Furthermore, the above stopping rules are special cases of the general stopping rule (1), where the one-sided stopping rule (35) corresponds to the choice
and the two-sided stopping rule (36) to the choice
For each fixed choice of the parameters µ, n, C, and γ, we have calculated the following values for the sample mean µ Nn = 1 Nn Nn k=1 X k for the stopping rules (35) and (36): (1) the average lower confidence limit, the average upper confidence limit, and the true coverage probability for the interval µ Nn − 1.96/ √ N n , µ Nn + 1.96/ √ N n , which would be a 95% From the calculated numbers, which can be found in Table 2 of the appendix, we can draw the following conclusions.
(1) For n ≥ 50, the true coverage probability of the interval µ Nn − 1.96/ N n , µ Nn + 1.96/ N n is in all cases close to 95%. So using this type of naive confidence interval after a group sequential trial turns out to be a reliable method.
(2) Asympotic normality of the quantity √ N n ( µ Nn − µ) is more subtle. In many cases, the Kolmogorov distance between the empirical distribution of √ N n ( µ Nn −µ) and the standard normal distribution is already below 0.05 for n = 50, implying that the naively normalized sample mean is close to asymptotic normality. However, there are a few exceptions for which the Kolmogorov distance is substantially larger than 0.05 for n = 50. These exceptions are listed in Table 1 below. If an exception turns out to be a case in which Theorem 6 guarantees asymptotic normality, we have mentioned this. We conclude that the quantity √ N n ( µ Nn − µ) is close to a standard normal distribution for n = 50 in all cases in which Theorem 6 guarantees asymptotic normality, except in the case E (2). Indeed, E (2) is the only case in which asymptotic normality is reached more slowly.
Concluding remarks
In this paper, we have studied a broad class of group sequential trials, with random length N n , in which independent observations X 1 , X 2 , . . . with law N (µ, σ 2 ) are collected, and in which interim analyses of the sum of the observations are performed. After each interim analysis, one decides whether the trial is stopped or continued, based on the stopping rule (1), with ψ a fixed Borel measurable map of R into [0, 1], γ ∈ R + 0 a fixed shape parameter, and, for m ∈ N 0 , K m the sum of the first m observations. We have illustrated that this mathematical model contains several interesting settings, which have been studied extensively in the literature. In particular, the choice γ = 1/2 leads to the Pocock boundaries, and the choice γ = 0 to the O'Brien-Fleming boundaries.
In the above described group sequential trial setting, we have studied the asymptotic distribution of the sample mean µ Nn = K Nn /N n , where, as n → ∞, the maximal number of observations in the trial increases to infinity, while the number L of interim analyses is kept fixed, and, for every i ∈ {1, . . . , L}, the ratio of the number of observations collected at the i-th interim analysis to the maximal number of observations is also kept fixed.
We have shown in Theorem 6, our main result, that, in many realistic cases, the quantity √ Nn σ ( µ Nn − µ) is asymptotically normal for the total variation distance, from which we have derived that it is often safe to rely on confidence intervals of the type µ Nn − σ √ Nn
A simulation study has confirmed our theoretical findings.
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